Abstract. The aim of this paper is to present a new fuzzy tracking strategy for a permanent magnet synchronous machine (PMSM) by using Takagi-Sugeno models (T-S). A feedback-based fuzzy control with H ∞ tracking performance and a concept of virtual reference model are combined to develop a fuzzy tracking controller capable to track a reference signal and ensure a minimum effect of disturbance on the PMSM system. First, a T-S fuzzy model is used to represent the PMSM nonlinear system with disturbance. Next, an integral fuzzy tracking control based on the concept of virtual desired variables (VDVs) is formulated to simplify the design of the virtual reference model and the control law. Finally, based on this concept, a two-stage design procedure is developed: i) determine the VDVs from the nonlinear system output equation and generalized kinematics constraints ii) calculate the feedback controller gains by solving a set of linear matrix inequalities (LMIs). Simulation results are provided to demonstrate the validity and the effectiveness of the proposed method.
Introduction
The permanent magnet synchronous machine (PMSM) drives are widely used in industrial applications such as production tools, computer numerically controlled machines, chip mounted devices, robots and hard disk drives. They are receiving increased attention because of their high efficiency, high power/weight and torque/inertia ratios. However, their analysis and control is a difficult task, due to the inherent nonlinearities and load torque. Thus, the linear control method cannot ensure satisfactory performances. In order to overcome the associated difficulties in the design of a controller for PMSM, several schemes have been proposed in the last three decades, e.g. adaptive control [1] , neural network control [2] , nonlinear feedback linearization control [3] , sliding mode control [4] , [5] . Recently, many design methods based on the fuzzy control theory have been proposed to deal with the problem of tracking control for PMSM [6] , [7] . We propose here a new fuzzy tracking control for PMSM based on T-S fuzzy models [8] by taking into account the variations of load torque.
During the last years, the problem of tracking control of nonlinear systems using T-S fuzzy models has been studied by many authors [9] , [10] , [11] , [12] , [13] , [14] . It has become popular because of its efficiency in controlling nonlinear systems. Its main property is to describe the local dynamics by linear local models where the output of the global model is obtained by fuzzy blending of these linear models through nonlinear fuzzy membership functions. The fuzzy tracking control of nonlinear systems aims to ensure the best tracking between the output of the nonlinear system and the reference. In [9] , the tracking problem of nonlinear systems has been solved using a synthesis of both the fuzzy control and the linear multivariable control theories. However, in [10] , a novel concept of virtual desired variables has been proposed to simplify the design of the reference model and the control law. Based on this concept, the tracking control problem can be converted into a stabilization problem which has been treated by several researches using Lyapunov approach [15] , [16] . The stability analysis of a T-S fuzzy system needs a symmetric positive definite matrix to satisfy a set of LMIs which can be solved efficiently by convex programming techniques.
The fuzzy control of the PMSM based on the concept of VDVs has been treated in [17] , [18] , [19] , but without taking into account the variations of load torque, which represents the disturbance effect in the system. Given that, in real industrial applications, the synchronous machine is always affected by different disturbances; their presence deteriorates the tracking control performance. Hence, many works have been done to design robust control strategies for T-S fuzzy models. For example, in [11] , a robust fuzzy tracking controller based on internal model principle has been introduced to track a reference signal. On the other hand, in [12] and [13] , the reference input is considered as a disturbance and is attenuated using a robust criterion. However, in [14] a H ∞ tracking control has been introduced to deal with the robust performance design problem of nonlinear systems.
The objective of this work is to develop a new state feedback controller for a PMSM based on the concept of VDVs and the H ∞ tracking control. In this case, the proposed controller is able to drive the state of the synchronous machine to track a specific desired reference and to reject a completely unknown disturbance. First, the PMSM system with disturbance is represented by a T-S fuzzy model. Next, an integral fuzzy tracking control based on a set of VDVs is formulated to simplify the design of the model reference and control law. Finally, the tracking control performance of the augmented fuzzy system is analysed by the Lyapunov's method based on H ∞ control which can be formulated into LMI problems. Simulations are carried out on PMSM in order to verify the effectiveness of the proposed methodology.
2.
Problem Formulation
Mathematical Model of PMSM
The dynamic model of the synchronous machine in d − q reference frame can be described by the following nonlinear system [20] , [21] :
where
in which ω is the rotor speed, w is the load torque (the load torque is an exogenous disturbance), (i q , i d ) are the current components in the d-q axis, (
are the stator inductors in the d − q axis. The machine parameters are: the stator winding resistance R, the moment of inertia of the rotor J, the friction coefficient relating to the rotor speed B f , the flux linkage of the permanent magnets λ, the number of poles pairs p.
In our work, the smooth-air-gap of the synchronous machine systems are considered, i.e.,
T-S Fuzzy Model of PMSM
In order to express the nonlinear model of the machine as a T-S model with the measurable parameter (speed) as decision variable, we rewrite Eq. (1) in the following nonlinear state space form:
where:
Assuming that the speed is bounded as: ω ≤ ω(t) ≤ ω and using the well-known sector nonlinearity approach [22] , the nonlinear system of the machine Eq. (1) can be described by a T-S model with r = 2 1 fuzzy If-Then rules as follows:
where z(t) = ω(t) is the premise variable, F 11 and F 12 are the membership functions which can be defined as:
−50 0 50 0 The matrices of the local models can be defined as:
Using the product-inference rule, singleton fuzzifier, and the centre of gravity defuzzifier, the above fuzzy rules base is inferred as follows:
Fuzzy Tracking Controller Design
Our goal is to design a fuzzy controller capable of driving the state of the system x(t) to track a specified set of VDVs x d (t) and minimizing the effect of disturbance on the machine. The feedback tracking control is required to satisfy:
According to y(t) = ϕ( x(t)), it is natural to require
, which denotes the desired output state. Now, let x(t) = x(t) − x d (t) be defined as the tracking error and its time derivative is given by:
Replacing Eq. (4) by its value in Eq. (7) and adding the
, Eq. (7) becomes:
In Eq. (8), if we introduce new variable τ (t) that satisfy the following relation:
where τ (t) is a new controller which will be designed based on Parallel Distributed Compensation (PDC) technique [15] . Using Eq. (9), the tracking error system Eq. (8) can be rewritten as follows:
The new local state feedback controllers are designed to deal with the tracking control problem as:
where z(t) = ω(t). The final output of the fuzzy controller is determined by the summation:
In order to reject slow varying disturbances according to the PMSM, an integral action is added as shown in Fig. 2(b) . The new fuzzy controller τ (t) can be rewritten as:
where From Eq. (12), it can be rewritten:
Thus, the new controller τ (t) is:
The augmented T-S fuzzy model with an integral action can be written in the following form:
In the case B 1 = B 2 =, ..., B r = B, the augmented T-S fuzzy model can be written as:
H ∞ Tracking Control Design
The purpose of present work is to design a fuzzy state feedback controller in Eq. (13), for the augmented system Eq. (15), capable to drive the state of the PMSM system to track the desired variables x d (t) and guaranteed a minimum effect of disturbance on the PMSM. The presence of w(t) will deteriorate the control performance of the control system. In order to minimize the effects of w(t) on the control system, the following H ∞ performances related to tracking error have been considered [23] , [24] :
where γ is a prescribed value, which denotes the worst case effect of disturbance w(t) on X (t). The results of H ∞ norm bounded are given in following Lem. 1:
Lemma 1. The augmented fuzzy system described by Eq. (15), if there exists X T = X > 0 common solution of the following matrix inequalities:
(17) for all i = 1, ..., r.
Then, the H ∞ tracking control performance in Eq. (16) is guaranteed for a prescribed γ via the fuzzy controller Eq. (13). The control gains are given by:
Proof. Consider the Lyapunov function V ( X (t)) = X T (t)P X (t) where P = P T > 0 the common positive matrix. The time derivative of V ( X (t)) will be required to satisfy the following condition:
In order to achieve the H ∞ tracking performance related to the tracking error, for x d , Eq. (19) becomes:
Replacing V ( X (t)) by its value X T P X in Eq. (20), the last equation can be written as the following form LMI:
This main:
From Eq. (22), we can write:
From Eq. (24), we can write:
Using the Schur's complement, Eq. (25) is equivalent to:
From Eq. (26), we can write:
After congruence with diag P −1 I I , inequality Eq. (27) becomes:
Developed the last equation, Eq. (28) can be written as:
(29) Considering X = P −1 and M i = K i X , we obtain the same matrix as in Eq. (17):
VDVs and Control Law Design
In order to determine the VDVs x d (t) and control law u(t), we use Eq. (9) which is rewritten below:
Assuming that:
Then, the equation Eq. (31) can be rewritten as the following compact form:
By applying Eq. (32) to the PMSM model, we obtain the following matrix form:
T is the new controller to be designed via LMIs approach;
T is the vector of the desired state.
According to the first equation of Eq. (33), it follows that:ω
which induces that:
Note that for a PMSM there is no need for a flow model. As a result, the position of the rotor is the angle of reference. Furthermore, as we have a smooth poles machine, the best choice for its operation is obtained for a value where the internal angle is equal π 2 that means i dd = 0. Consequently, we obtained the following vector of the desired state:
where y d is the desired speed. From the second and the third equations of Eq. (33), we obtain the control input:
Replacing i dd by its value in Eq. (37), we obtain the fallowing control voltage:
Simulation Results
In this section, simulation tests have been carried out on PMSM to verify the effectiveness of the proposed method using the schematic diagram of the fuzzy tracking control given in Fig. 3 , which has three main blocks:
The VDVs block, the Fuzzy Integral Controller (FIC) block and the Nonlinear Tracking Controller (NTC) block. The first block computes the vector of VDVs based on the desired speed, which will be used by the blocks: FIC and NTC, the second block calculates the new control law based on the fuzzy control and the objective of the last block is to generate the control voltages that it will attack the PMSM via the inverse Park and Pulse Width Modulated (PWM) elements. Note that the NTC block needs some states that come from VDVs block and the machine.
Using the Lem. 1 and the parameters of the PMSM listed in Tab. 1, the following control gains are obtained: The proposed scheme is verified in two cases:
Speed Regulation
Consider speed regulation of the desired speed y d = 50 rad·s −1 with a load torque w = 5 N·m applied at t = 0.5 s, the initial state is set to be x(0) = 0. The simulation results for the desired and actual speeds, desired and actual q-axis currents, desired and actual daxis currents and control voltage are shown in Fig. 4(a) , Fig. 4(b) , Fig. 4(c) and Fig. 4(d) , respectively, which demonstrate that the time response of the regulation control is very low, also the tracking error is very small until the appearance of the disturbance at t = 0.5 s where only a little discrepancy become clear for a laps of time before its rejection by the controller.
Furthermore, the less speed, current and voltage tracking errors, the better the tracking performance, highlights the good performances of the proposed fuzzy control method in terms of tracking and disturbances rejection. Results demonstrate that the machine system with the synthesized fuzzy controller has a good behavior. Indeed, the speed and d-q axis currents track well the reference trajectory with good reliability over the whole speed range. From Fig. 4(b) , Fig. 4(c) and Fig. 4(d) , it is clear that the current and voltage responses are in the expected ranges. 
Sinusoidal Speed Tracking
Consider the sinusoidal speed tracking for y d (t) = 50 sin(t) rad·s −1 and a load torque w = 5 N·m applied at t = 1 s, the initial state is set to be x(0) = [40 0 0]
T . The simulation results for the desired and actual speeds, desired and actual q-axis currents, desired and actual d-axis currents and input control voltage are shown in Fig. 6(a), Fig. 6(b), Fig. 6(c) and Fig. 6(d), respectively, Fig. 6 shows that time response of the tracking is very low, the tracking error is apparent, but very small and the system is robust to the disturbance with only a little deviation during the disturbance is applied.
Moreover, the proposed controller is compared with the fuzzy state feedback controller developed in [10] which has been applied to the PMSM in many works like [17] , [18] , [19] . The objective is to force the output speed of the PMSM to track the step reference y d = 40 rad·s −1 , in both controllers. Thus, the feedback control gains obtained from the Theorem 1 [10] are: We applied the proposed state feedback controller and the compared controller to the PMSM system (1) using the same machine parameters listed in Tab. 1, the initial value is set to be: x(0) = 0. The simulation result is depicted in Fig. 7 : speed setpoint (dashed It is clear that the actual speed of the tracking control system can follow its desired trajectory for both methods. Moreover, almost minimum time response is ensured with less overshoot for the proposed controller, as indicated in Fig. 7 . To assess the performance of the proposed controller, we have also used the Root Mean Square Error (RMSE) between the output and its reference which can be defined by:
The time response, the overshoot and the RMSE resulting from the proposed and the compared fuzzy tracking control are shown in Tab. 2, which demonstrate that the proposed control strategy has better tracking performance than that compared controller. In addition, the proposed controller is able to reject a completely the unknown disturbance. 
Conclusion
This paper outlines a new fuzzy integral tracking control scheme for nonlinear systems described by T-S fuzzy model. To this end, an integral control scheme and a fuzzy tracking controller based on VDVs has been combined to design a robust controller able to reject a completely unknown disturbance. Sufficient conditions for stability are derived from a Lyapunov's method based on H ∞ performances. The concept of VDVs has been used to simplify the design of the reference model and the control law. The controller has been tested successfully for a permanent magnet synchronous machine. The results show that the desired performances for the controlled system can be achieved via the proposed fuzzy tracking control method.
